Abstract. This paper seeks to further explore the distribution of the real roots of random polynomials with non-centered coefficients. We focus on polynomials where the typical values of their coefficients have power growth (or mild decay) and count the average number of real zeros inside local and global intervals. Almost all previous results require coefficients with zero mean, and it is highly non-trivial to extend these results to the general case. Our approach is based on a novel comparison principle, allowing us to reduce the general situation to the mean-zero setting. As applications, we obtain new results for the Kac polynomials, hyperbolic random polynomials, their derivatives, and generalizations of these polynomials. The proof features new logarithmic integrability estimates for random polynomials (both local and global) and fairly sharp estimates for the local number of real zeros.
where the coefficients a 0 , . . . , a n are independent real-valued random variables with finite means and finite variances. We are particularly interested in the average number of real roots of such polynomials. This problem has attracted many mathematicians' attention since previous centuries, initially out of theoretical curiosity, but has recently found applications in statistical physics and finance [10, 29, 28, 30] . It was reported in [34] that during the 18th century Waring considered the distribution of the real roots for random polynomials of low degrees. It however took quite a while until the first (but rather crude) estimates for the number of real roots for random polynomials were established, in a result of Bloch and Polya at the beginning of the 20th century [1] . Various authors subsequently worked on this problem, leading to significant developments during 1940s-1970s, with seminal contributions of Kac [17] , Littlewood and Offord [19, 20, 21] , Ibragimov and Maslova [12, 14, 15, 13, 22, 23] , among others. Recently, there has been a renewed interest in this problem [6, 16, 11, 2, 9, 31, 32, 5, 8, 27] , in particular Tao and Vu [33] developed a new framework to study the real roots of random polynomials, adapting their methods from random matrix theory. See also [25, 3, 4, 26] for some further development of the methods in [33] .
Despite the large number of prior studies, only a very few are about random polynomials with non-centered coefficients, namely when the coefficients may have nonzero means. Furthermore, these studies often require very restrictive assumptions of algebraic nature on the relationship between the mean, the variance, and the underlying index of the coefficients. Ibragimov and Maslova [14, 15] in 1970s considered random polynomials with iid coefficients of nonzero mean (these are known as Kac polynomials). They showed that the expected number of real roots for the Kac random polynomials is essentially reduced to a half if the iid coefficients have a (common) nonzero mean. In [4] , a joint work with Oanh Nguyen and Van Vu, using different methods we strengthened and generalized this result to random polynomials where the mean and the variance of the coefficient a j are linearly dependent and furthermore they are algebraic polynomials of j.
In this paper, we consider an innovative approach that circumvents the needs for algebraic constraints between the mean and the variance of the coefficients and does not require any algebraic dependence on the underlying index. In particular, this approach offers some explanation for the interaction between the mean and the variance of random polynomials. We focus on generalized Kac polynomials, an important class where the typical values of the coefficients are comparable to a fixed power of the underlying index. We will discuss below the technical details of our set up. 1 For convenience of notation, we write a j " b j`cj ξ j where b j " Era j s and |c j | " b V arra j s.
Note that we do not assume c j ě 0 and prefer to leave the setup in this generality for the convenience of the proof. Let ρ P R. For the typical values of |a j | to be comparable to p1`jq ρ , it is natural to assume that Era j s " Opp1`jq ρ q and pV arra j sq 1{2 « p1`jq ρ , so that there is a significant range of values for |a j | about the size of p1`jq ρ . The following condition essentially describes these assumptions. For technical reasons, below we will need ρ ą´1{2.
Condition 1. Assume that
(i) for some 0 , C 0 ą 0 we have E|ξ j | 2` 0 ď C 0 for all 0 ď j ď n; (ii) for some ρ ą´1{2 it holds that b j , c j " Opp1`jq ρ q for all j; (iii) we also have |c j | Á p1`jq ρ for Op1q ď j ď n´Op1q.
We note that b j and c j may depend on n. Without loss of generality, we may assume that 0 ă 0 ď 1 throughout the paper. The implicit constants in this paper are allowed to depend on the implicit constants in Condition 1, which include ρ, 0 , C 0 , the implicit constants in the assumed estimates for b j , c j , and the Op1q term in the range of j.
We now mention several examples that satisfy Condition 1. Via Stirling's formula, it can be seen that the coefficients of hyperbolic random polynomials 2 p ξ,L,n pzq " ξ 0`? Lξ 1 z`¨¨¨`c L . . . pL`n´1q n! ξ n z n (1.1) satisfy the above condition; here L ą 0 and ξ j 's are independent with unit variance. In particular, if L " 1 we recover the Kac random polynomials. In fact, we may generate other examples satisfying Condition 1 by taking finite linear combinations of hyperbolic polynomials and their derivatives. Now, while our approach works with more general polynomials, even for the polynomials considered in [4, 14, 15] we are also able to obtain significantly new results.
Statement of results.
In the following, for any function q : R Ñ C let N q denote the number of its real roots, and let N q pIq be the number of roots inside I Ă R. Note that these numbers could be 8, but they are never negative.
To study N pn , we write p n pzq " m n pzq`r n pzq where m n pzq " Ep n pzq is a deterministic polynomial and r n " p n´mn is a random polynomial with zero mean. Our heuristics is the following idea: locally, between m n and r n , the dominant component will dictate the behavior of p n and hence will have a stronger influence on the number of real zeros of p n . Our main result, Theorem 1 is an estimate for the number of real roots of p n inside an arbitrary interval, demonstrating the following comparison principle:
(i) if m n dominates r n then on average there are very few real roots for p n , as |m n | is typically bigger than |r n |.
(ii) if m n is dominated by r n then on average the number of real roots of p n is the same as the number of real roots of r n plus a bounded term.
In the statement of Theorem 1, we will be more precise about the meaning of "dominated" and "dominates". Here we make some preliminary remarks. First, since r n is random with zero mean, it makes sense to use the standard deviation pV arrr n sq 1{2 as an indicator for the size of r n , and this heuristics is also used for derivatives of r n . Also, for t ě 1 to compare m n and r n we will work with the reciprocal polynomials mnp1{tq " t´nm n ptq and rnp1{tq " t´nr n ptq, which turn out to be more convenient.
Below, given any interval I we denote I ě1 " I X r´1, 1s and I ď1 " Izp´1, 1q (it is possible that one of these sets is empty). We say that J is an enlargement for I " pa, bq if it is obtained by extending I beyond both the left and right endpoints, where the added length to the right is comparable to |1´|b||`1{n and the added length to the left is comparable to |1´|a||`1{n (if an endpoint is infinite then certainly there is no need to add anything). Note that this notion of enlargement can also be similarly defined for half open/half closed/closed intervals.
Theorem 1 (Comparison principle).
There is a constant 0 ă C ă 8 such that the following holds. Assume that the coefficients of p n satisfy Condition 1 and are real valued. Let I Ă R be an interval whose endpoints may depend on n and assume that J is an enlargement of I.
(i) Assume that for t P J ě1 we have |m n ptq| ą C| logp1´|t|`1 n q| 1{2 a V arrr n ptqs.
Then EN pn pIq " Op1q.
(ii) Let φ : r0, 1s Ñ r0, 1s such thatˆc 1{n φptq t dt " Op1q for some c ą 0.
Assume that for each k " 0, 1 we have the uniform estimates:
for t P J ď1 , |m pkq n ptq| À φp1´|t|`1 n q b V arrr pkq n ptqs, for t P J ě1 , |m˚p kq n p 1 t q| À φp1´1 |t|`1 n q c V arrrn pkq p 1 t qs, and for k " 2 the weaker estimates without φ also hold on J ď1 and J ě1 .
Then EN pn pIq " EN rn pIq`Op1q.
We note that Theorem 1 is more useful for intervals near˘1, since under Condition 1 it can be shown (using a standard argument of Ibragimov and Maslova) that EN pn pIq " Op1q if I is bounded away from˘1 (see Lemma 2) . In Theorem 1, for technical reasons we need to assume that the domination/dominated relationship (between m n and r n ) is effective on an enlargement J of I, however if p n is a Gaussian random polynomial then the conclusions hold with J " I and some of the conditions could be weakened, see Section 12.
Using Theorem 1, we could derive new results about the real roots of noncentered random polynomials (with coefficients of power growth) from analogous results for centered random polynomials, which in turn were studied extensively in [4] . Below, we summarize several sample results that can be obtained in this direction (although this list is by no means comprehensive). 3 The sample results will further demonstrate the following observation from [4] : we may extract asymptotic estimates for the number of real roots of a random polynomial from asymptotic information about its coefficients. This phenomenon was first observed in [4] for random polynomials with centered coefficients of polynomial growth. Below, following [4] , we define a generalized polynomial of j P Z`to be a finite linear combination of hyperbolic coefficients h L pjq :"
, L ą 0. Its degree is defined to be L max´1 , where L max is the biggest L in the combination. If we requires L to be integer then this notion is the same as the classical notion of polynomials. Note that (via Stirling's formula) a generalized polynomial of degree δ is asymptotically comparable to j δ . Our first sample result is about random hyperbolic polynomials (1.1).
Theorem 2. Let p n be the hyperbolic random polynomial p ξ,L,n given by (1.1) where ξ j are independent with a common nonzero mean and variance 1 and uniformly bounded p2` q moments for some ą 0.
and for any k ě 1 we have
Theorem 2 is a special case of the following more general result.
Theorem 3.
Assume that the coefficients of p n satisfy Condition 1. Assume furthermore that there are ρ 1 ă ρ´1{2 ă ρ 2 such that |b j | Á j ρ 2`O p1q and
Then for any C ą 0 we have
in particular EN pn grows like log n as n Ñ 8. Furthermore, if for some C we have c j " pC`op1qqj ρ as j Ñ 8 then
1`?2ρ`1 2π log n`oplog nq.
In particular, if c 2 j is a generalized polynomial of j then
Theorem 2 may be derived from Theorem 3 as follows. Letting ρ " pL´1q{2, we note that for the set up of Theorem 2 we will have b j " c j µ for some µ ‰ 0, and by Stirling's formula c j "
On the other hand,
Using Theorem 3, it follows that EN pn " EN rn p1´1 C , 1`1 C q, and thus using [4] we obtain the desired conclusions. We may argue similarly to get the desired asymptotics for EN p pkq n . Below is a class of random polynomials where the deterministic component m n is dominated by the random component r n .
Theorem 4. Assume Condition 1 and assume that for some ρ 1 ă ρ´1{2 we have |b j | " Opp1`jq ρ 1 q. Then there are finite positive constants C 1 and C 2 such that C 1 log n`Op1q ď EN pn ď C 2 log n`Op1q.
Furthermore if for some C we have c j " pC`op1qqj ρ as j Ñ 8 then we could take C 1 , C 2 to be
p1q. In particular, if c 2 j is a generalized polynomial of j then we could let C 1 , C 2 "
Finally, we mention a simple class of random polynomials where m n dominates r n , leading to very few real zeros for the random polynomial.
Theorem 5. Assume Condition 1. Suppose furthermore that for some ρ 1 P pρ1 2 , ρs and some ρ 2 ă ρ 1 the following holds: for odd j we have b j " Opp1`jq ρ 2 q and for even j we have b j Á p1`jq ρ 1´O p1q. Then EN pn " Op1q. Furthermore, the above estimate holds true if we interchange the role of odd and even j's in the above assumptions.
1.2.
Outline of the paper and notational conventions. In the next section, we discuss the applications of Theorem 1 and the proof for the sample results mentioned above. In the rest of the paper, we prove Theorem 1. Our proof of Theorem 1 uses universality estimates for the correlation functions of the real roots of p n , see Section 3. Using these estimates, we could reduce the proof of Theorem 1 to the Gaussian setting. The Gaussian case of Theorem 1 will be examined using the Kac-Rice formula, see Section 12.
Below are some notational conventions used throughout the paper. For any function f : C Ñ C and any subset A Ă C, we denote by N f pAq the number of zeros of f in A. Note that the range of N f pAq is r0, 8s.
The reciprocal polynomial for a polynomial p n of degree n is pnpzq :" z n p n p1{zq.
Sample applications of the comparison principle
In this section, we discuss several applications of Theorem 1 and present the proofs for Theorem 3, Theorem 4, and Theorem 5. We will use the following basic computation about power series. Lemma 1. For any α ą´1 and β ą´1 and any c ą 0 and C ą 1 the following holds:
Proof of Lemma 1. Note that if 1´c{n ď t ď 1`c{n then 1, t, . . . , t n are all comparable to 1, therefore
Here, to see the last estimate we may split the sum into 1 ď j ď n{2 and n{2 ă j ď n, and use the fact that for the first range n`1´j « n and for the second range j « n. This proves part (ii), and furthermore in part (i) we may assume that 1{C ď t ď 1´c{n where c is sufficiently large. We now discuss the proof of part (i) under this assumption.
We consider first the case β " 0. By Taylor's theorem, we have p1´tq´α´1 " 1`pα`1qt`¨¨¨`p α`1q...pα`nq n! t n`E n ptq, where the error term E n ptq is nonnegative. Now, note that pα`1q . . . pα`jq{j! « j α , therefore
For the other direction of the estimate, it suffices to establish that the error term E n ptq is smaller than fraction of p1´tq´α´1 when c is sufficiently large. Here we use the Lagrange form of the error term, which says that for some s P p0, tq we have
The desired estimate then follows from the fact that p1´vq n v α n α is a decreasing function for v P rα{n, 1s, and
and e´cc α could be made arbitrarily small by choosing c sufficiently large. We now consider the general situation. We have
Thus it remains to show that the remaining summation over n{2 ă j ď n is Opn β p1´tq´p α`1(note that this summation is nonnegative). For these j's we note that j is comparable to n. Since β ą´1 we may choose 1 ă p ă 8 depending on β such that βp ą´1. Let q " p{pp´1q be its conjugate exponent. Then using Hölder's inequality we have
This completes the proof of Lemma 1.
Let C ą 0 be a sufficiently large constant and let A C " tz P R : ||z|´1| ą 1{Cu. In the applications of Theorem 1, we will need the following estimate.
Lemma 2. For any C ą 0 we have EN pn pA C q " O C p1q.
We include a proof of Lemma 2 using an argument of Ibragimov-Maslova [13] (see also [4] where a simpler version of Lemma 2 was proved). We'll need the following estimate, which will also be used later in the proof of Theorem 1.
Lemma 3. For any δ 0 ă 1 there is p 0 P p0, 1q such that for any α we have max j Pp|ξ j´α | ď δ 0 q ď 1´p 0 .
Proof of Lemma 3. Let δ 0 ă 1 and let 0 ď j ď n.
We first consider |α| ą 3. Without loss of generality assume α ą 3, the case α ă´3 is can be treated similarly. Then
Thus we may take any p 0 ď 3{4 for |α| ą 3.
We now consider |α| ď 3. Then
for some C 1 " C 1 pC 0 , 0 q where C 0 and 0 are as in Condition 1. Thus by examining the function C 1 x 0 {p2` 0 q´δ2 0 x of x, it is follows that there is some p 0 " p 0 pδ 0 , C 1 , 0 q P p0, 1q such that any x P r0, 1s that satisfies the above inequality must be inside rp 0 , 8q. Consequently Pp|ξ j´α | ď δ 0 q ě p 0 , as desired.
Proof of Lemma 2. It suffices to show that for r 1 ă 1 we have N pn p´r 1 , r 1 q " O r 1 p1q and N pn p´r 1 , r 1 q " O r 1 p1q. We will show in detail the first estimate, and comment on the needed changes for the second estimate.
Take any r 2 P pr 1 , 1q. Let δ 0 , p 0 be as in Lemma 3. From Condition 1, let j 0 be such that c j « p1`jq ρ for j 0 ď j ď n´j 0 . Define
, thus it suffices to show that
On the event A k , we have |p
ρ , thus using Jensen's formula we have
Let n 0 be an integer larger than maxp0, ρq. Using convexity and Jensen's inequality, we have 1
To estimate EN pn p´r 1 , r 1 q, we proceed similarly, and the following estimate will be needed:
where r 2 P pr 1 , 1q. To see this estimate, we note that
then we split the sum into i ď pn´kq{2 and i ą pn´kq{2 and argue as in the proof of Lemma 1. The treatment of i ď pn´kq{2 is entirely similar as before, but for i ą pn´kq{2 we actually need to be more careful (than the proof of Lemma 1) about the dependence on k of the implicit constant. We include the details below. By Cauchy-Schwartz we have
We now divide the discussion of the applications of Theorem 1 into three sections, corresponding to whether m n is always small, or always large, or mixed large/small, in comparison to r n .
2.0.1. Small mean. Here the mean m n will be completely dominated by r n . We first state a corollary of Theorem 1 in this direction, before proving Theorem 4. Corollary 1. Let φ : r0, 1s Ñ r0, 1s such that´c 1{n φptq t dt " Op1q for some c ą 0. Assume Condition 1 and assume that there is a constant C ą 1 such that for 1{C ď |t| ď 1 and 0 ď k ď 1 we have
and assume that the weaker estimates without φ also hold true for k " 2. Then there are finite positive constants C 1 and C 2 such that C 1 log n`Op1q ď EN pn ď C 2 log n`Op1q.
Thanks to [4] , the zero-mean case (i.e. b j " 0 for all j) of the above corollary already holds true. Thus, using Lemma 2 and Theorem 1, Corollary 1 is a simple consequence of the following estimates
which follows from elementary computations (see Lemma 1 for details). We now prove Theorem 4. Since ρ ą´1{2, we may assume without loss of generality that ρ 1 ą´1. Using Lemma 1, for |t| ď 1 we then have
p1´|t|`1 n q k`1 , which clearly implies (2.3). Thus Theorem 4 follows from Corollary 1.
2.0.2. Large mean. Here near˘1 the mean m n will always dominate r n . As before, we state a corollary of Theorem 1 before proving Theorem 5.
Corollary 2. Let ϕ : p0, 8q Ñ r0, 8q be such that ϕptq Ñ 8 as t Ñ 1{n. Assume Condition 1 and assume that there is a constant C ą 1 with the following properties: for 1´1 C ď |t| ď 1 we have
Then
EN pn " Op1q. This corollary follows immediately from (2.2) and Theorem 1 and Lemma 2. We now apply this corollary with ϕptq " t´ to prove Theorem 5. By splitting m n " m n,odd`mn,even and using Lemma 1 to treat each of them individually, we obtain (for 1´1{C ď |t| ď 1)
where " ρ 1`1 {2´ρ ą 0. Thus Theorem 5 follows from Corollary 2.
2.0.3. Mixed case. Here we consider the mixed situation, where m n is dominated by r n on a part of the real line and dominates r n elsewhere. In our opinion this is the most interesting case. Here we describe a simple scenario, which applies to random Kac polynomials with non-centered coefficients (considered in [15] ) as well as linear combination of derivatives of a random Kac polynomial (considered in [4] ), and also hyperbolic random polynomials with non-centered coefficients (Theorem 2 of the current paper). In this scenario, m n is dominated by r n neaŕ 1 while being the dominant component near 1. (Note that due to symmetry we could also state a symmetric version where the roles of 1 and´1 are interchanged.) Corollary 3. Let ϕ : p0, 8q Ñ r0, 8q be such that ϕptq Ñ 8 as t Ñ 1{n. Let φ : r0, 1s Ñ r0, 1s such that´c 1{n φptq t dt " Op1q for some c ą 0. Assume Condition 1 and assume that there is a constant C ą 1 with the following properties:
(i) for 1´1 C ď t ď 1 we have
(ii) for´1 ď t ď´1`1 C and for each k " 0, 1 we have
and the weaker estimates without φ also hold true for k " 2. Then EN pn " EN rn p1´1{C, 1`1{Cq`Op1q and in particular there are constants C 1 , C 2 ą 0 such that
. Now, it was shown in [4] that EN rn p1´1{C, 1`1{Cq grows like log n, and furthermore if c j " pC`op1qqj ρ then EN rn p1´1{C, 1`1{Cq "
log nò plog nq, and the error term could also be improved to Op1q if c 2 j is a generalized polynomial of j. Thus, Corollary 3 is an immediate consequence of Theorem 1 and (2.2).
We now discuss the proof of Theorem 3. From the given assumption it follows that b j are of the same sign for j Á 1, so without loss of generality we may assume that b j ą 0 for j Á 1. Now, using b j Á j ρ 2 and ρ 2 ą ρ´1{2 one may show that m n ptq dominates r n ptq near 1. Indeed, by elementary computations (see Lemma 1), for t P r1´1{C, 1s we have
We now show that m n is dominated by r n near´1. To see this, let k ě 0 and we use discrete integration by parts to write pk!q´1m
and uniformly over j 1 ď j 2 we have t j 1`¨¨¨`t j 2 " Op1q for´1 ď t ď´1`1 C . On the other hand, using the given hypothesis we may estimatê
Without loss of generality we may assume ρ 1 ą ρ´1. Since |t| k " 1, we obtain
where " ρ´ρ 1´1 2 ą 0.
Similarly, for mn we may estimate, with the assistance of Lemma 1,
Thus Theorem 3 follows from Corollary 3.
Correlation functions: background and main estimates
In this section, we summarize our main results about correlation functions for p n and pn. These estimates are key ingredients in the proof of Theorem 1 and the proof for these estimates will be presented in subsequent sections.
We first recall some background about correlation functions, following [33, 4] . While there is a more general theory of correlation functions for random point processes, see for instance [10] , our discussion will specialize to the context of the roots of random polynomials. Let Z denote the multi-set of the (complex) roots of p n , where a root of multiplicity m will be identified as m different elements.
For k ě 1, we say that a Borel measure dσ on C k is the k-point correlation measure for the (complex) roots of p n if the following equality holds for any continuous and compactly supported function φ :
Here, the summation on the left hand side (inside the expectation) is over all ordered k-tuples of different elements of Z. The existence of such a measure is a simple application of the Riesz representation theorem. In the literature, it is common (see e.g. [33] ) to define the k-point correlation function as the density of dσ with respect to the Lebesque measure (which exists for instance in Gaussian settings [10] or more generally smooth distributions), here we will work with correlation measures to allow for more generality. When p n is a real polynomial (i.e. with real-valued coefficients), the set of complex zeros for p n is symmetric with respect to the real line, and there may be a nontrivial probability that p n has at least one real root. Thus, for such polynomials we will define the mixed complex-real correlation measures for the roots as follows. Let m ě 1 and k ě 0 and let dσ be a measure on R mˆp CzRq k . We say dσ is the pm, kq-point correlation measure for Z if the following two conditions hold:
(i) dσ is symmetric under complex conjugations: for any measurable A Ă R mp CzRq k , it holds that ρpAq " ρpA 1 q where A 1 is one of the k sets obtained from A by taking conjugate in one fixed coordinate;
(ii) for any compactly supported continuous φ :
Here, the summations on the left hand side are over ordered tuples of different elements of Z. If dσ has a density with respect to the Lebesgue measure, such density is classically called the pm, kq-point correlation function [33] , which will then be invariant under taking complex conjugation of any variable. We now define the admissible local sets where comparison estimates for the correlation measures will be proved. These are sets where the expected number of complex roots for p n could be as small as a bounded constant Op1q. For random polynomials with centered-coefficients, the structure of these sets is well-known and has been exploited by previous authors, here we will use the same structure for random polynomials with non-centered coefficients, following [4] . Let δ ą 0 that may depend on n. Define
Let pnpzq :" z n p n p1{zq be the reciprocal polynomial of p n . Below, we say that two (possibly complex valued) random variables ξ j and r ξ j have matching moments to up to second order if
for any 0 ď α, β ď 2 such that α`β ď 2. Note that if one of ξ j , r ξ j is real valued then this matching condition will force the other to be real-valued. The Gaussian analogue of p n pzq "
where G 0 , . . . , G n are independent Gaussian and G j and ξ j have matching moments up to the second order.
Our main result about the mixed complex-real pm, kq-point correlation functions for the roots of p n is stated below, here m ě 1 and k ě 0. In Theorem 6, we consider a real random polynomials whose coefficients satisfy Condition 1, and we let dσ and dσ˚denote the pm, kq-point correlation measures for the roots of p n and pn. The Gaussian analogues of these two correlation measures will be denoted by dσ G and dσG.
In the following, it is understood that all implicit constants may depend on the implicit constants in Condition 1.
Theorem 6. Given 0 ă c ă r c ă 1, we could find C 1 , α 1 ą 0 such that the following holds for any
it is in C 3k`2 and furthermore sup |B α φ δ | ď δ´| α| up to order |α| ď 3k`2.
Let J Ă I R pδq`p´r cδ, r cδq be such that for any 1 ď j ď m`k the following holds
‚ if signpRepz jě 0 and |Impz j q| ď r cδ then p|z j |´r cδ, |z j |`r cδq Ă J. ‚ if signpRepz jă 0 and |Impz j q| ď r cδ then p´|z j |´r cδ,´|z j |`r cδq Ă J.
V arrrns for all t P J. Then R mˆCk φ δ py´x, w´zqrdσ˚py, wq´dσGpy, wqs " Opδ α 1 q.
Our proof will use the following result for the k-point complex correlation functions, where k ě 1. In Theorem 7, we consider a (possibly complex valued) random polynomial p n whose coefficients satisfy Condition 1. Below we let dσ and dσd enote the k-point correlation measures for the zeros of p n and pn, and let dσ G and dσG be their Gaussian analogues.
Theorem 7. Given any 0 ă c ă 1, we could find constants C 1 , α 1 ą 0 such that the following holds for any
Let φ δ be supported on B C p0, cδq k such that as a function on R 2k it is C 3k`2 and furthermore sup |B α φ δ | ď δ´| α| up to order |α| ď 3k`2. ThenˆC
Our Theorem 7 slightly generalizes [4, Theorem 2.3]. Here we point out an example outside the scope of [4] . Recall that in [4, Theorem 2.3] it is assumed that p n pzq " c 0 ξ 0`c1 ξ 1 z`¨¨¨`c n ξ n z n where ξ j are independent with unit variance (but could have nonzero means). In our setting, with p n pzq " a 0`a1 z`¨¨¨`a n z n , if a j is a nonzero constant with probability 1 (which is allowed to happen for j " Op1q or j ě n´Op1q according to Condition 1) then it is not possible to write a j " c j ξ j where ξ j of variance 1.
We will prove Theorem 7 using an adaptation of the proof of [4, Theorem 2.3]. We take this as an opportunity to provide a more streamlined presentation of the argument in [4] , in particular in the proof we will prove new estimates involving log integrability of random polynomials and bounds on the local number of roots, which could be of independent interests.
Local anti-concentration inequalities
In this section we will prove several anti-concentration inequalities for random polynomials whose coefficients satisfy Condition 1. We will use these estimates later in the proof of Theorem 7. Below, let q n " pn`1q´ρpn be the normalized reciprocal polynomial for p n . Recall that
Our first set of estimates is contained the following theorem:
Then there are constants C 1 , α 1 ą 0 such that the following holds for any
and any |z| P Ipδq`p´cδ, cδq and any t ą 0:
Now, if δ « 1{n then Theorem 8 does not give us much information: the right hand sides of (4.1) and (4.2) are now comparable to 1, therefore these estimates hold automatically. In this range of δ, the following set of estimates is more useful. Below, let log`pxq " maxp0, log xq. Theorem 9. Let 0 ď c ă 1. Then there is a constant C 1 ą 0 such that the following holds for any
As a corollary of Theorem 8 and Theorem 9, we obtain Corollary 4. Let 0 ď c ă 1. Then there is a constant C 1 ą 0 such that the following holds for any
and any |z| P Ipδq`p´cδ, cδq: for any
there is a constant C 2 such that
Pplog |q n pzq| ď´C 2 | log δ|q À δ α 2 .
Proof of Corollary 4. Below we only prove the claimed estimate for log |p n |, and the same argument specialized to the case ρ " 0 can be applied to log |q n |. Using Theorem 8 and Theorem 9, for any λ ą 0 we have Pplog |p n pzq| ď pρ´λq| log δ|q À minpδ
Thus, for any δ P r
On the other hand, for any
log n n we have
Proof of Theorem 8.
Recall that p n pzq " ř j pb j`cj ξ j qz j . Using Condition 1, we may find j 0 ě 0 and M 0 ą 0 such that
for all j, while |c j | ě M´1 0 p1`jq ρ for j 0 ď j ď n´j 0 . We first prove (4.1). Since the left hand side of (4.1) is Op1q, we may assume without loss of generality that δ ą B n for a large absolute constant B. In particular, we will have 1´p2`cqδ ď |z| ď 1´p1´cqδ, thus |z| N ď p1´p1´cqδq N . Now, there is a constant c 1 ą 0 depending only on c such that p1´p1´cqδq 1{δ ă 1´c 1 for all δ ą 0. Therefore, we may choose j 0 ď N « 1{δ such that |z| N is very small. In particular, we may choose such N so that |z| N ă 2´p ρ`2q M´2 0 . Now, observe that, thanks to (4.5),
for any 1 ď ď r n´j 0 N s « nδ. We now recall the following anti-concentration bound: Claim 1. Let 0 , C 0 ą 0. Then there are constants α 2 , C 2 ą 0 such that the following holds for any ě 1: If ξ 1 , . . . , ξ are independent with zero mean and unit variance satisfying E|ξ j | 2` 0 ă C 0 , then for any lacunary sequence |d 1 | ě 2|d 2 | ě¨¨¨ě 2 ´1 |d | we have:
For a proof of this now-standard bound, see e.g. [33, Lemma 9.2] or [4, Lemma 4.2]. We apply the above anti-concentration bound to d j " c jN z jN and to the random variables ξ N , . . . , ξ p ´1qN . By absorbing the remaining terms in p n pzq into the concentration point u, it follows that
for any 1 ď ď N :" rpn´j 0 q{N s. To obtain the desired estimate (4.1) from this inequality, we will choose to depend on t, and this choice is explained below.
First, note that |z| 1{δ ě p1´p2`cqδq 1{δ , which is uniformly bounded away from 0 and since N « 1{δ, we may find a constant α 3 ą 0 such that |z N | ě e´α 2 {2 . It follows that
We then let to be the integer such that
Now, since the left hand side of (4.1) is Op1q we may assume without loss of generality that ě 1. To check that this will lead us to (4.1), we divide the consideration into two cases:
It follows from the above constraint on that e´ " Opptδ ρ q 1{α 3 q. In this range of we may use (4.7), and obtain sup u Pp|p n pzq´u| ď tq ď Pp|p n pzq| ď
Thus by ensuring α 1 ď α 2 {α 3 we obtain (4.1). Case 2: ą N . Here (4.7) is not available, however we observe that the LHS of (4.1) is nondecreasing with respect to t. Therefore, using the case " N of Case 1, we obtain
Since N « nδ, the last estimate can be bounded above by Ope´α 1 nδ q for some α 1 ą 0. This completes the proof of (4.1).
We now discuss the proof of (4.2), which will follow the same argument. For convenience of notation, we let q n pxq " pe 0`d0 r ξ 0 q`pe 1`d1 r ξ 1 qx`¨¨¨`pe n`dn r ξ n qx n , where e j " b n´j pn`1q´ρ, d j " c n´j pn`1q´ρ and r ξ j " ξ n´j . It is clear that e j À 1 and d j « 1 for j 0 ď j ď n{2, therefore we may apply the special case ρ " 0 of (4.1) to the random polynomial d 0 r ξ 0`¨¨¨`drn{2s r ξ rn{2s x rn{2s . The desired estimate for q n then follows by absorbing the other terms into the concentration point u. 
Let n´j 0 ě m ě 2j 0 , where j 0 " Op1q is such that |c j | is comparable to p1`jq ρ for j 0 ď j ď n´j 0 (thanks to Condition 1). Applying the above estimate to
Now, we may choose C ě 1 be sufficiently large such that δ ě 1{pCnq. For any z P Ipδq`p´cδ, cδq, it holds that |z| ě 1´2Cδ, therefore
Collecting estimates, for C ą 0 large enough we will have
for any integer m P r2j 0 , n´j 0 s. To obtain the desired estimate (4.3) from this inequality, we will choose m suitably depending on t ą 0. We will choose m to be the integer such that 1
Now, since the LHS of (4.3) is Op1q, we may assume without loss of generality that m ě 2j 0 . To show that this choice would give us (4.3), we divide the consideration into two cases: Case 1 : 2j 0 ď m ď n´j 0 . For such m we may use (4.8). We note that, as a consequence of the above constraint on m, we will have mδ Á log`p
Case 2 : m ě n´j 0`1 . Here we will use monotonicity of the left hand side of (4.3) (as a function of t). Since we now have t ă
This completes our proof of Theorem 9.
Logarithmic integrability of random polynomials
This section is devoted to establishing several estimates about the integrability of log |p n | and log |pn|, which will be used to prove bounds for the number of local real roots of p n in subsequent sections. Throughout this section, we'll assume that the coefficients of p n satisfy Condition 1. For convenience, let q n :" pn`1q´ρpn.
5.1.
Logarithmic integrability on the unit disk. We start with an estimate about integrability on the unit disk Bp0, 1q " t|z| ď 1u. We view this as a global estimate.
Theorem 10.
There is an event F of exponentially decaying probability PpF q " Ope´c n q (for some fixed c ą 0) such that the following holds: for any ą 0, there is a constant C " Cp q such that
for all q ě 1, and the analogous estimate also holds for q n .
We note that in Theorem 10 it is important that the implicit constant C does not depend on q, which could be very large. The exclusion of an exceptional set of exponentially decaying probability is also important. To see this, suppose that b j " 0 for all j, then p n pxq " 0 on the event F " tξ j " 0 @ju, which has an exponentially decaying probability PpF q " Opp n q if for some fixed p P p0, 1q we have Ppξ j " 0q ě p for all j. Such event must be excluded to ensure any integrability for | log |p n || on Bp0, 1q.
Without loss of generality we may assume that n ě 3 in the proof. Such condition ensures that the right hand side of (5.1) is a strictly increasing function of the implicit constant C, which will be convenient in the proof.
The main ingredient in the proof of Theorem 10 is a result of Nazarov-NishrySodin [24, Corollary 1.2] for random Fourier series, summarized below:
There is an absolute constant C ą 0 such that the following holds: Let r pzq " ř j j d j z j where d j are deterministic with ř j |d j | 2 " 1 and j are independent Rademacher random variables. Then for any p ą 0
Our proof will actually use the following simple extension of Proposition 1.
Lemma 4.
There is an absolute constant C ą 0 such that the following holds for any m : Bp0, 1q Ñ C measurable with M :"´2
In Lemma 4, we could in fact replace the constant 7 by any constant bigger than 6 (for our applications any absolute constant would suffice).
Proof of Lemma 4.
To prove Lemma 4, we will use the following crude estimate. For convenience of notation, let f pzq " mpzq`r pzq and let |.| denote the Lebesgue measure of measurable subsets of r0, 1sˆr0, 2πs.
Claim 3.
There is an absolute constant C ą 0 such that for any p ą 0 and λ ě 0 we have E|tpr, θq : log |f pre iθ q| ą λu| À p1`λq´ppCpq p pM`1q
Indeed, E|tpr, θq : log |mpre iθ q`r pre iθ q| ą λu|
Now, let h ě 1 be integer such that h´1 ă p ď h, we then have
This competes the proof of Claim 3.
In the proof of Lemma 4, we will use another estimate, which in turn is a consequence of Proposition 1.
Claim 4.
There is an absolute constant C such that for any p ą 0 and λ ě 0 we have E|tpr, θq : log |f pre iθ q| ă´λu| À p1`λq´ppCpq 6p .
Since the left hand side of the above estimate is always bounded above by 2π and since p p ě e´1 {e for any p ą 0, we may assume λ ą 1 without any loss of generality. For such λ, it suffices to show that E|tpr, θq : log |f pre iθ q| ă´λu| À pλ´1 2 ln 2q´ppCpq 6p . (using Proposition 1 with 2p and choosing a large C).
Let
This completes the proof of Claim 4.
We are now ready to start the proof of Lemma 4. We combine Claim 4 and Claim 3 and estimate
This completes the proof of Lemma 4.
Proof of Theorem 10.
We now start the proof of (5.1) for log |p n |. For convenience of notation, we denote p n,ξ pwq " ř j pb j`cj ξ j qw j to keep track of the dependence of p n on the vector of coefficients ξ " pξ 0 , . . . , ξ n q. Let
We first show that PpF q " Ope´c n q for some c ą 0. Since ξ j are independent and |c j | « j ρ Á n´1 {2 for n´Op1q ě j ě Op1q, it suffices to show that that there are constants δ 0 ą 0 and p 0 ą 0 such that Pp|ξ j | ă δ 0 q ď 1´p 0 for all j. This was proved in Lemma 3.
We now divide the remaining of the proof into two cases: the simpler case when ξ j are symmetric for each j, and the general case where no symmetry is assumed.
Case 1: Symmetric coefficients
Assume that for each j the distributions of ξ j and´ξ j are the same. Let 0 , . . . , n be independent Rademacher random variables that are independent from ξ 0 , . . . , ξ n , and let r ξ j " j ξ j . Thanks to symmetry, p ξ,n has the same distribution as p r ξ,n . Note that σpξq " σp r ξq, therefore F r ξ " F ξ and is independent of j . Thus it suffices to show that, for any C ą 0 large enough,
Note that on the event F c ξ we have σpξq ě n´1, which implies | log σpξq| ă logpn 2 σpξqq. Conditioning on this event and using Lemma 4, we obtain
here C depends on ρ. Thus, it remains to show that
for some C ą 0 (independent of q). This estimate in turn follows from concavity of log q pxq on pe q , 8q and Jensen's inequality:
for any ě 0 and any q ě 1. Since the left hand side of (5.3) is Op1q, this estimate holds trivially for " Op1q. Thus, we will assume below that ě 1, in particular we may replace p1` q´q by ´q on the right hand side without any loss of generality. Now, let c 1 " c{p2qq. We divide the proof of (5.3) into two parts, depending on whether ď e c 1 n or ě e c 1 n . Smaller 's: For ď e c 1 n , we have ´q ě e´c n{2 , thus it suffices to show that
Bp0,1q
Pp| log |p n,ξ pwq|| ě qdw À e´c n{2` ´q pCqq Cq n C plog n. (5.4) Now, t| log |p n,ξ pwq|| ě qu " tlog |p n,ξ pwq| ě qu Y tlog |p n,ξ pwq| ď´ qu, and
Pplog |p n,ξ pwq| ě qdw À e´2
E|p n,ξ pwq| 2 dw
Thus, it remains to show that´Pplog |p n,ξ pwq| ď´ q is bounded by the right hand side of (5.4). Let r ξ j be iid copy of ξ j that are independent of each other and of other ξ j 's.
pξ j´r ξ j q, then η j is symmetric with mean zero and variance 1. We also have E|η j | 2` 0 " OpC 0 q uniform over j, thanks to Condition 1. One could easily show that PpF η q " Ope´c n q (with the same c as in the estimate for PpF ξ q, although this it not important -we could refine the constant c for F ξ so that these two exceptional sets share the same constant from the beginning of the proof). Now, using Hölder's inequality, we obtain
Pplog |p n,ξ pwq| ď´ qdw À pˆB p0,1q
Pplog |p n,ξ pwq|, log |p n, r ξ pzq| ď´ qdwq
Pplog |p n,η pwq| ď´ `1 2 ln 2qdwq
PpF c η X tlog |p n,η pwq| ď´ `1 2 ln 2uqdwq
| log |p n,η pwq| 2q dws¯1
{2
.
Let C be sufficiently large, then using the known estimates for the symmetric case, which applies to p η,n and 2q, we may generously estimate the last display by
This completes the proof of (5.3) for this range of . Larger j's: For ě e c 1 n , we proceed as follows. Let 0 , . . . , n be independent
Rademacher random variables that are independent from ξ j 's. Let r ξ j " j ξ j and consider the symmetrized variant of p n,ξ , namely
Using Hölder's inequality, for any p, q ě 1 we havê
Bp0,1q
PpF c ξ X t ď | log |p n,ξ pwq|| ď `1uqdw
Here, in the last estimate we used the fact that p n,ξ is equal to p n, r ξ with probability 2´p n`1q . Observe that F ξ " F r ξ . Thus, using the (known) estimate for the symmetric case, we can further estimate the last display by
Since q ě e c 1 nq " e cn {2 , it follows that by taking p ě maxp1, pc q´1 ln 4q we have ´ q 2 n{p ď 1 and we obtain the desired estimate. This completes the proof of the desired estimate (5.1) for log |p n | of Theorem 10. We now discuss the proof for the analogous estimate for log |q n |. For convenience of notation, let pnpxq " ř j pb˚j`cj r ξ j qx j where bj " b n´j , cj " c n´j , and r ξ j " ξ n´j . In particular, mnpxq " ř j bj x j . We similarly let
Fξ " tpn`1q´ρσ˚pξq ă n´1u
where σ˚pξq " p ř j |cj r ξ j | 2 q 1{2 . Using Condition 1, we have |cj | « pn`1q ρ for Op1q ď j ď n{2, therefore by the same argument as before we obtain PpFξ q " Ope´c n q for some c ą 0. Now, the proof of the symmetric case is entirely the same as before once we verify that on Fξ it holds that
But this is clear using Condition 1. Finally, the proof of the general case follows from the symmetric case as long as we could verify that´B p0,1q E|q n pwq| 2 " Opn C q, which again is clear from Condition 1.
5.2.
Logarithmic integrability on local sets. In this section we will prove a probabilistic upper bound regarding the local integrability of log |p n | and log |q n | where q n " pn`1q´ρpn. This is an estimate on a ball of radius comparable to the scale δ with center near Ipδq. All implicit constants below may depend on the implicit constants in Condition 1.
Theorem 11. Let 0 ď c, c 1 ă 1 be such that c`c 1 ă 1 and let C 1 ą 0 be big enough depending on c, c
1 . Then for any α 0 P p0, 1{2q and
and z P Ipδq`p´cδ, cδq there is an event F with probability Opδ α 0 q such that the following estimate holds uniformly over 1 ď p ă 8:
and the analogous estimate also holds if we replace p n by q n " pn`1q´ρpn.
As a consequence Theorem 11, we obtain
Er1 F cˆB pz,c 1 δq
(and the analogous estimate for q n ), which is reminiscent of Theorem 10. Using Lemma 1, we have the following probabilistic estimates for log |p n |:
it holds for any ą 0 and s P R that Pp sup |w|PIpδq`p´cδ,cδq log |p n pwq| ą sq À e´2 s δ´2 pρ`1` q , Pp sup |w|PIpδq`p´cδ,cδq log |q n pwq| ą sq À e´2 s δ´2 p1` q .
Proof of Lemma 5. Recall that p n pwq " a 0`a1 w`¨¨¨`a n w n and E|a j | 2 " Opp1j q 2ρ q thanks to Condition 1. Using Lemma 1 and Cauchy-Schwartz, for any ą 0 and w P Ipδq`p´cδ, cδq we have
Since Ep ř n j"0 p1`jq´2 ρ´1´2 |a j | 2 q " Op ř jě0 p1`jq´1´2 q " Op1q, we obtain Er sup |z|PIpδq`p´δ{2,δ{2q
|p n pzq| 2 s À δ´2 pρ`1` q .
The desired probabilistic estimate for log |p n | then follows immediately. Now, the proof of the claimed probabilistic estimate for log |q n | is similar. For convenience of notation, let M " p ř n j"0 pn`1´jq´2 ρ p1`jq´1´2 |a n´j | 2 q 1{2 . Using Cauchy Schwarz and Lemma 1 we have, for ą 0 and w P Ipδq`p´cδ, cδq:
Again, ErM 2 s À ř n j"0 p1`jq´1´2 " Op1q, and the desired estimate follows immediately.
Proof of Theorem 11.
We will only show the proof for the claimed estimate for log |p n |, and the same argument works for log |q n |. Fix z P Ipδq`p´cδ, cδq. Let C 1 ą 0 be big enough so that Corollary 4 holds.
Thanks Corollary 4, we may assume that log |p n pzq| ě´C 2 | log δ| (5.5) for some C 2 ą 0 large. Let c 2 P pc 1 , 1´cq. Then for w P Bpz, c 2 δq we have |w| P Ipδq`p´pc`c 2 qδ, pc`c 2 qδq, so thanks to Lemma 5, it holds with probability 1´Opδ α 0 q that sup wPBpz,c 2 δq log |p n pwq| ď C 3 | log δ| (5.6) for C 3 ą 0 large.
Below, we will condition on the event where (5.5) and (5.6) hold, on which we will show that pδ´2ˆB pz,c 1 δq
Now, the integrand | log |p n || will blowup near the zeros of p n , however only logarithmically. The above assumptions on log |p n | will ensure that there are not many such zeros near z, and the main part of the argument is to control the zero-free part of p n using properties of subharmonic functions.
More specifically, let :" N pn pBpz, c 2 δqq be the number of zeros of p n in Bpz, c 1 δq. As a consequence of Jensen's formula, we have
wPBpz,c 2 δq log |p n pwq|´log |p n pzq|q À | log δ|, Now, let u 1 , . . . , u be the zeros of p n in Bpz, c 1 δq. Let Q n pwq " p n pwq{ppwú we view Q n as the zero-free part of p n . It follows that, for any p ě 1,
pz,c 1 δq
pz,c 1 δq | log |Q n pwq|| p q 1{p` p| log δ|.
Since " Op| log δ|q, it remains to bound the integral involving Q n . In fact, we will show that | log |Q n pwq|| " Op| log δ| 2 q uniformly on Bpz, c 1 δq, which is a stronger estimate. To see this, we first show that log |Q n | satisfies inequalities similar to (5.5) and (5.6). Indeed, note that log |Q n pwq| : Bp0, c 2 δq Ñ R Y t´8u is a subharmonic function, and by the maximum principle it achieves its maximum on the boundary. It follows that sup wPBpz,c 2 δq log |Q n pwq| ď sup
log |Q n pwq| ď sup w: |w´z|"c 2 δ log |p n pwq|`sup w: |w´z|"c 2 δ
On the other hand, since |z´u i | ď c 1 δ ď 1 for all i " 1, . . . , , we also have log |Q n pzq| " log |p n pzq|`
Thus we have verified that Q n satisfies inequalities similar to (5.5) and (5.6). Now, let hpwq :" C| log δ| 2´l og |Q n pwq| for a big constant C such that h is nonnegative (and harmonic) on Bpz, c 2 δq. Note that 0 ď hpzq ď C| log δ| 2`C 2 | log δ| " Op| log δ| 2 q.
Using Harnack's inequality, for any w P Bpz, c 1 δq we have
It follows that | log |Q n pwq|| ď Op| log δ| 2 q`|hpwq| " Op| log δ| 2 q for any w P Bpz, c 1 δq, as desired.
Counting local real roots
In this section, we will use the log integrability estimates and the anti concentration estimates from previous sections to establish several estimates for the local number of real roots for p n .
For each U Ă C and any function f analytic on a neighborhood of U , let N f pU q denote the number of roots of f inside U .
In this section, we assume that the coefficients of p n satisfy Condition 1, and all implicit constants may depend on the implicit constants in Condition 1. and any |z| P Ipδq`p´cδ, cδq and any M ą 0 and any event E we have
The analogous estimate also holds for N qn " N pn . Furthermore, for δ ě C 3 log n{n we could take C 2 " 1.
It follows from Theorem 12 that the number of roots of p n and pn on I R pδq are at most logarithmic away from Op1q. We state a useful corollary, when E c " H. and any |z| P Ipδq`p´cδ, cδq we have
Furthermore, for δ ě C 3 log n{n we could take C 2 " 1.
We will divide the proof of Theorem 12 into two cases, depending on whether δ is small or large. More specifically, we will consider first δ ě C 3 log n{n for some sufficiently large constant C 3 , this is the large scale setting. Then we will consider the case when 1 n À δ À log n{n and refer to this as the small scale setting.
6.1. Larger scales. We will use the following sublevel set estimate.
Lemma 6. Let 0 ď c, c 1 ă 1 be such that c`c 1 ă 1. Let C ą 0 be sufficiently large. Let δ P r C log n n , 1 C s and assume that |z| P Ipδq`p´cδ, cδq. Then uniformly over λ ą C| log δ| we have
Let C 3 be large compared to the constant C from Lemma 6. Using Lemma 6 , we will prove (6.1) for δ ą C 3 log n{n. We will only show the details for N pn , the same argument could be applied to N qn . Now, for brevity let N " N pn pBpz, c 1 δqq and F " tN ě C 3 | log δ|u. Since N ď n trivially, we obtain
if C 3 is sufficiently larger than CM . It follows that For the first term on the right hand side of (6.3), we apply Lemma 5 with s " λ{2 and note that e 2s is a lot larger than any given power of p1{δq. For the second term on the right hand side of (6.3), we use Theorem 8 with t " e´λ {2 and use the assumption that λ ě C logp1{δq (where C is very large) to get the desired estimate.
The proof for N qn is entirely similar.
Smaller scales.
We now consider the smaller (and more critical) range
. Here we will use Theorem 10 (from Section 5) about the log integrability of p n and q n , which shows that there is an event F with probability PpF q " Ope´c n q such that for any q ě 1 we have
where C is sufficiently large and C 1 ą 1 could be arbitrarily close to 1, and the analogous estimate also holds for log |q n |. We will use these estimates to show the desired estimates for log |p n | in this range of δ, and the argument for log |q n | is entirely similar.
To start, note that
ErN pn pBpz, c 1 δqq
which is O M pδ M q for any M ą 0. Thus, we may assume without loss of generality that E Ă F c . For convenience, denote U " Bpz, c 1 δq and Ω :" Bpz, c 2 δq where c 2 P pc 1 , 1´cq. Let φ be a smooth function such that 1 Bp0,c 1 q ď φ ď 1 Bp0,c 2 q and let φ δ p.q " φp.{δq denote the L 8 -preserving dilation of φ. We now use Green's formula
where dw is the Lebesgue measure on C. It follows that N pn pU q ď ÿ αPZ φ δ pz´αq "´1 2πˆC plog |p n pwq|q∆φ δ pz j´w qdw therefore N pn pU q À δ´2ˆΩ | log |p n pwq||dw.
Consequently, using Hölder's inequality, the following holds for any p ě 1
Recall that E Ă F c . Therefore, using (6.4) for q " kp, we obtain
Choosing p " log n « logp1{δq, then δ´1 {p " Op1q and n 1{p " Op1q, therefore 
This completes the proof of Theorem 12.
Lindeberg swapping and Tao-Vu replacement estimates
Our goal in this section is to establish the following result, which is a simple extension of a replacement estimate in Tao-Vu [33] to non-centered polynomials.
Lemma 7. For any C, , C 0 ą 0 there is 0 ă C 1 ă 8 so that the following holds.
Let ξ 0 , . . . , ξ n , G 0 , . . . , G n be independent with E|ξ j | 2` ă C and E|G j | 2` ă C such that ξ j and G j have matching moments up to second order, for at least n´C indices j. Let δ P p0, 1q, α 1 ą 0, w 1 , . . . , w m P Ipδq, and F : R m Ñ C be such that (i) m À δ´α 1 , and |B β F | ď δ´α 1 for |β| ď 3; (ii) for all 1 ď i ď m and 0 ď j ď n it holds that |c j w
Then |EF plog |p n,ξ pw 1 q|, . . . , log |p n,ξ pw m q|q
where the implicit constant may depend on α 1 , C 0 , C 1 , .
Without loss of generality we may assume that G j are Gaussian for all j. Following [33] , we will prove Lemma 7 using the Lindeberg swapping argument. The following basic estimate captures some ideas of this argument. Lindeberg swapping) . Let , C ą 0. Assume that ξ 1 , . . . , ξ n and r ξ 1 , . . . , r ξ n are independent such that max j E|ξ j | 2` ď C and max j E| r ξ j | 2` ď C. Assume that ξ j and r ξ j have matching moments up to second order for any j R J 0 . Assume that H : C n Ñ C, such that, as a function on R 2n , H P C 3 . Then for some r C finite positive depending on C and we have:
Lemma 8 (Basic
Here viewing as a function on R 2n we let M i :"
Proof. Let H 1 " Hpξ 1 , . . . , ξ n q, and let H j`1 be obtained from H j by swapping ξ j with r ξ j . We then estimate the left hand side by ř j |EpH j´Hj´1 q|. Let j R J 0 . We view Hp. . . , w j , . . . q as a function of Repw j q and Impw j q, denoted by f j . For convenience, let M j,i :" ř i m"0 }pB 1 q i´m pB 2 q m f j } sup . We consider approximation of f j px, yq using Taylor expansion around p0, 0q up to second order terms. By simple interpolation, the error term in this approximation is bounded above Opmaxp|x| 2` , |y| 2` qM j,3 M 1´ j,2 q. Since ξ j and r ξ j are independent from the others and have matching moments up to second order and since E|ξ j | 2` , E| r ξ j | 2` ď C, it follows from direct examination that
j,2 q. Summing these estimates over j R J 0 and using Hölder's inequality, we obtain ÿ
Now, let j P J 0 . Again we view H as a function f j of Repw j q and Impw j q and approximate it by Taylor expansion around p0, 0q up to first order terms. We similarly obtain |ErH j`1´Hj s| À M j,1 pE|ξ j |`E| r ξ j |q " OpM j,1 q. Using Kolmogorov's inequality [18] and a simple application of Hölder's inequality we obtain
We now prove Lemma 7. Let σpzq " a V arrp n,ξ pzqs " p ř 0ďjďn |c j z j | 2 q 1{2 . Let r F : R m Ñ C be defined by r F pu 1 , . . . , u m q " F pu 1`l og σpw 1 q, . . . , u m`l og σpw m qq. Then we also have |B α r F | À δ´α 1 for all partial derivatives of order |α| ď 3. Let M " C 2 logp1{δq for some large constant C 2 ą 0 to be chosen later. We perform a decomposition of r F " F 1`F2 where F 1 " φ r F and F 2 " p1´φq r F , where φ is constructed below. Then φ : R m Ñ R is a smooth function supported on tpx 1 , . . . , x m q P R m : min x j ě´pM`1qu and equals 1 on tpx 1 , . . . , x m q P R m : min x j ě´M u, such that }B α φ} 8 À m |α| for any multi-index α. We plan to apply Lemma 8 to Hpξ 0 , . . . , ξ n q " F 1 plog f pw 1 q, . . . , log f pw m qq, f pzq :" |p n pzq|{σpzq,
. Thus, for x, y P tRepξ k q, Impξ k qu we have
Summing over k and using Cauchy Schwartz, we obtain
Similarly, we estimate the third partial derivatives for H and use these estimates to bound M 3 . Here we will arrive at trilinear sums, so using the assumption |c j w j k {σpw k q| " Opδ C 1 α 1 q we eventually obtain
Now, we may assume ď 1. Via Lemma 8, we have the generous bound
We now reset Hpξ 0 , . . . , ξ n q :" p1´φqplog f pw 1 q, . . . , log f pw m qq. The partial derivatives of p1´φq are Op1q and are supported in minplog f pw 1 q, . . . , log f pw mě M´1. Consequently, via the same consideration as before, we obtain |E "
here we have used the fact that p n,G pw j q is Gaussian and m " Opδ´α 1 q. Collecting estimates, we obtain |EF plog |p n,ξ pw 1 q|, . . . q´EF plog |p n,G pw 1 q|, . . . q| À δ´2 α 1 e´M`e 3M δ pC 1 ´11qα 1 .
We choose M " C 2 α 1 logp1{δq where C 2 ě C 0`2 , and C 1 ą p11`3C 2`C0 q{ , then it is clear that the last right hand side is Opδ C 0 α 1 q, as desired. This completes the proof of Lemma 7.
Proof of universality for complex correlation functions
In this section we prove Theorem 7. Following the framework developed by TaoVu [33] , we will use the Monte Carlo sampling method (summarized in Lemma 9) and the Lindeberg swapping argument (implemented in Lemma 7). Below, we will only prove the desired estimates for the correlation functions of p n . The same argument could be applied to q n " pn`1q´ρpn to get the desired estimates for pn.
We will actually show the desired estimates when φ δ has the tensor structure, namely φ δ pwq " φ 1,δ pw 1 q . . . φ k,δ pw k q, furthermore for such φ δ we will only need to assume that each φ j,δ , viewed as a function on R 2 , is continuously differentiable up to second order and furthermore |B α φ j,δ | ď Opδ´| α| q for |α| ď 2. The reduction from general (i.e. non tensor) φ δ to this special set up could be carried out as follows: First, let c 1 P pc, 1q, and let φ j,δ be smooth and supported inside B C p0, c 1 δq such that φ j,δ " 1 on B C p0, cδq, and as a function on R 2 it is C 2 and satisfies the derivative bound |B α φ j,δ | ď Opδ´| α| q up to order 2. We may write
using the multiple Fourier series expansion of φ on the polydisk B C p0, δq k . By standard stationary phase estimates, if φ δ is C m then |c n | À m p1`|n 1 |`¨¨¨| n k |q´m, while B α rφ j pw j qe 4πin j w j {δ s " Opδ´| α| p1`|n j |q |α| q, therefore if m is large enough depending on k, say m ě 3k`2, then we could write φ as a linear average of tensor-type functions with the properties mentioned earlier.
Thus, we may now assume that φ has the tensor structure. Let z " pz 1 , . . . , z k q P Ipδq k be fixed (no implicit constants will depend on z j 's). Recall that Z denotes the multi-set of zeros of p n . By definition,
where the sum is over non repeated tuples of k elements of the zero sets of p n . An application of the inclusion-exclusion formula will allow us to rewrite the last right hand side as a linear combination of terms, and each term is a product of finitely many sum of the following type X " ÿ αPZ φ j,δ,X pz j´α q, where 1 ď j ď k is fixed and φ j,δ,X is a function supported in B C p0, cδq such that, as a function on R 2 , it is C 2 and its partial derivatives up to order 2 are bounded accordingly.
Consequently, it suffices to show that, for a sequence X i 1 , . . . , X i of above type ,
(uniform over all choices of 1 ď ď k and 1 ď i 1 ă¨¨¨ă i ď k), for some c ą 0. Without loss of generality, we may assume that " k and i 1 " 1,... ,i k " k, and for brevity we will omit the dependence on X j in the notation and simply write X j " ř α φ j,δ pz j´α q below. Let α 0 ą 0 be a sufficiently small constant that may depend on the underlying implicit constants in Condition 1. By a standard construction, we could find ϕ : C k Ñ C such that φ supported on Bp0, 2δ´α 0 q and ϕpw 1 , . . . , w k q " w 1 . . . w k on Bp0, δ´α 0 q, furthermore |ϕpw 1 , . . . , w k q| ď |w 1 . . . w k | for any w 1 , . . . , w k , and (as a function on R 2k ) ϕ will be in C 2 with |B α ϕpwq| À δ´k α 0 for any (partial) derivatives of order up to 2.
Let C ą 0 is sufficiently large and let
. We first use Theorem 11 and Lemma 5 to conclude that for any 0 ă c 1 ă 1{2 there is an event E " Epδ, α 0 , z 1 , . . . , z k q with probability PpEq " O c 1 ,α 0 pδ c 1 q such that on T " E c the following holds for each j " 1, 2, . . . , k:
We now use Green's formula, which says that the following holds for any φ compactly supported in C 2 pR 2 q
where dw is the Lebesgue measure. It follows that, for each 1 ď j ď k, we have
Thus, using Hölder's inequality and using the above properties of T , we obtain |X j | À | log δ| 2 on the event T . By ensuring that δ ă 1{C for C sufficiently large, it follows that |X j | ă δ´α 0 on the event T . Now, outside T we still have
We now use Monte Carlo sampling to approximate the integral form (8.1) of X j with a discrete sum.
Lemma 9 (Monte Carlo sampling). Let pX, µq be a probability space and let f P L 2 pX, µq. Assume that w 1 , . . . , w m are drawn independently from X using the distribution µ. Then for S " 1 m pf pw 1 q`¨¨¨`f pw mwe have ES "´X f dµ and
Now, ∆φ j,δ is supported inside Bp0, cδq and is bounded above by Opδ´2q. Let w j,i be uniformly chosen from Bp0, cδq (independent of each other and of the coefficients of p n ), here 1 ď i ď m and 1 ď j ď k. Using (8.1) and Lemma 9, it follows that
where a j,i "´1 2 c 2 δ 2 ∆φ j,δ pz j´wj,i q. Note that |a j,i | " Op1q. Now, on the event T , the right hand side in the last display is Opm´1λ´2| log δ| 4 q. Using the above estimate, we now show that all X j 's could be replaced by the corresponding averages at a total small cost: Claim 5. Let w " pw 11 , . . . , w 1m , . . . , w k1 , . . . , w km q. Then
where the expectation is taken over w and ξ " pξ 0 , . . . , ξ n q.
To see this, let λ " δ pk`1qα 0 . Then on the product probability space generated by ξ " pξ 0 , . . . , ξ n q and w j " pw j,1 , . . . , w j,m q it holds with probability 1´PpT c qÓ
a j,i log |p n pw j,i q|ˇˇÀ δ pk`1qα 0 , for all j " 1, . . . , k. Now, letting m « δ´p 3k`4qα 0 and choosing α 0 sufficiently small (so that in particular c ą pk`1qα 0 q), it follows that the following inequality holds with probability 1´Opδ pk`1qα 0 q:
(Here we've used the assumption that the first order partial derivatives of ϕ is bounded above by Opδ kα 0 qq.) On the event that this estimate does not hold (which has probability Opδ pk`1qα 0 q), we have the crude bound Opδ´k α 0 q for the left hand side of the above display, here we have used the assumption that |φpw 1 , . . . , w k q| ď |w 1 . . . w k | and φ is supported on B C p0, 2δ´α 0 q k . Collecting estimates, the desired estimate of Claim 5 follows immediately.
On the event E, we note that X j À N pn pBpz j , cδqq and similarly X j,G À N p n,G pBpz j , cδqq. Consequently, using (8.2) and Claim 5 we obtain
Using Theorem 12, the two terms involving N pn pBpz j , cδqq and N p n,G pBpz j , cδqq are bounded by Op| log δ| Ck δ α 0 q, which in turn is bounded by Opδ α 0 {2 q. Thus, it remains to bound the first term on the right hand side of (8.3). Here we use Lindeberg swapping, or more precisely Lemma 7. Below we only discuss swapping of 1 m ř m i"1 log |p n pw 1,i q| with its Gaussian analogue 1 m ř m i"1 a 1,i log |p n,G pw 1,i q|; the swapping of the other k´1 averages can be done similarly. Now, by conditioning on other variables and treating them as parameters, we may let
It remains to show that
EF plog |p n pw 1,1 q|, . . . , log |p n pw 1,m q|q´EF plog |p n,G pw 1,1 q|, . . . , log |p n,G pw 1,m q|q À δ α 0 .
We can check that |B β F | À 1 m |β| δ´k α 0 for any partial derivatives up to order 3. Note that m « δ´p 3k`4qα 0 by choice and α 0 could be chosen arbitrarily small. Therefore, in order to show the estimate in the last display via Lemma 7, it remains to show that for some uniform constant c ą 0 (independent of α 0 ) the following holds 
Via examination of the function x ρ p1´δq
x over x P r0, 8q, we could show that |c j w j i |{ a V arrp n pw i qs À δ ρ`1 2`δ 1{2 , thus we could take any 0 ă c ď minpρ`1 2 , 1 2 q. (Recall the assumption that ρ ą´1{2).
Counting local non-real roots
In this section, we will prove several estimates for the local number of non-real roots of p n near the real line. These estimates play an essential role in the next section, where the proof of Theorem 6 will be presented. Recall that we write p n " m n`rn where m n pzq " ř j b j z j is the deterministic component and r n " ř j c j ξ j z j is the random component. We divide the analysis into two scenarios. Scenario 1: m n is "small" compared to r n . This scenario generalizes the special case m n " 0 considered in in [4] , where it was shown that with high probability r n has no non-real local root. Here we will show that a similar conclusion holds even with the addition of a "small" deterministic component m n .
Lemma 10. Let 0 ą 0 be sufficiently small and let c P r0, 1q. Then for C " Cp 0 , cq ą 0 sufficiently large the following holds for any and any x P I R pδq`p´cδ, cδq.
(i) Assume that on Bpx, 2ηq we have |m (ii) Assume that on Bpx, 2ηq we have |m˚2 n | À a V arrrn 2 s.
Then for any κ ă 2 we have PpN pn pBpx, ηqq ě 2q " O 0 ,κ ppη{δq κ q.
Scenario 2: m n is "large" compared to r n . Here we will show that with high probability p n has no local roots in a neighborhood of the real line. and any x P I R pδq`p´cδ, cδq.
(i) Assume that on Bpx, 2ηq we have
(ii) Assume that on Bpx, 2ηq we have |m˚n| ą
9.1. Proof of Lemma 10.
9.1.1. Proof of Lemma 10, part (i). Here we prove part (i) and we will discuss the modifications for part (ii) later. For convenience, let X " N pn pBpx, ηqq, X G " N p n,G pBpx, 2ηqq.
Step 1. Reduction to Gaussian: We'll use Theorem 7 in this step. Let r Ppc, 1q.
Let η 1 , . . . , be an enumeration of the (complex) roots of p n and let η 1,G , . . . be an enumeration of the (complex) roots of p n,G , both enumerated with multiplicity.
Let 1 ą 0 be small to be chosen later. Let ϕ : C Ñ r0, 1s be smooth supported on Bp0, 2q such that ϕpzq " 1 if |z| ď 1. We have
We now discuss the set up required to apply Theorem 7. Since x P I R pδq`p´cδ, cδq, we may write x " x 0`α where x 0 P I R pδq and |α| ď cδ. We then let
which is defined on C 2 , and here L " Op1q is a sufficiently large absolute constant (in particular independent of 0 ) so that all required derivative bounds (from Theorem 7) for φ δ are satisfied. Now, supppφ δ q Ă B C pα, 2ηq
2 Ă B C p0, r cδq 2 if we require δ ă 1{C with C ą 0 sufficiently large depending on 0 and r c. It then follows from Theorem 7 (and the definition of correlation functions) that for some α 0 ą 0 (independent of L, 0 ) the following holds:
Unraveling the notation, we obtain
Using Corollary 5 and observing that X G ď N p n,G pBpz, δ{9qq, we have
Opmq for any m ě 1, so by choosing m large we have a bound of O 1 ,M pδ M q for any M ą 0. Using Theorem 12, it follows that
Collecting estimates, we obtain
by choosing 0 small. So it remains to show that P pX G ě 2q À δ κ 0`2 1 . Since 1 could be chosen very small, it suffices to show that P pX G ě 2q À δ κ 1 0 for some κ 1 P pκ, 2q, which is essentially the Gaussian analogue of the desired estimate.
Step 2. Proof for Gaussian. We will show that, with high probability p G,n is close to its linear approximation at x, namely Lpzq :" p n,G pxq`p Using Rouché's theorem and linearity of L, (9.1) implies the desired estimate. Now, to show (9.1), we will prove two estimates. The desired estimate (9.1) then follows from choosing t " pη{δq κ in Claim 6 and choosing t " M | log δ| 1{2 (with M large) in Claim 7. Here we need κ ă 2.
9.1.2. Proof of Claim 6. . Since L is linear with real coefficients and since x P R, min zPBBpx,2ηq |Lpzq| is achieved at z " x´2η or z " x`2η. Consequently, for any t ą 0 we have
here we have used the fact that Lpx`2ηq and Lpx´2ηq are Gaussian. Using Lemma 1 and Condition 1, we have V arrr n pxqs « δ 4 sup ξPBpx,2ηq V arrr 2 n pξqs. Therefore it remains to show that for any s P t´2η, 2ηu we have
Now, since ξ j are independent, we have a
then by definition we have 1´|x| « δ. Therefore, using the triangle inequality and Lemma 1 and Condition 1 we obtain a V arrLpx`sqs ě }pc j x j q n j"0 } l 2´|s|}pc j jx j´1 q n j"0 } l 2 ě a V arrr n pxqs´2η a V arrr 1 n pxqs Using Lemma 1 and Condition 1, it follows that V arrr 1 n pxqs « δ´2V arrr n pxqs. Since η ! δ, the desired estimate (9.2) follows immediately. Now, if
we have |s| ď 2η ă 1{p2nq. Therefore, uniformly over 0 ď j ď n we have |x j`s jx j´1 | Á |x| j , which implies the desired estimate (9.2).
9.1.3. Proof of Claim 7. To estimate max zPBBpx,2ηq |Epzq|, we first estimate the mean and the variance of Epzq. We will show that
V arrr 2 n pξqs (9.4) uniformly over z P Bpx, 2ηq and w P Bpx, 3ηq.
For (9.4), let w P Bpx, 3ηq. By the mean value theorem, we have
V arrr 2 n pξqs.
By ensuring C " Cp 0 , cq is large, for any ξ P Bpx, 3ηq we have ξ P (since qpwq a V arrqpwqs is normalized Gaussian).
9.1.4. Proof of Lemma 10, part (ii). Our proof of part (ii) of Lemma 10 is entirely similar to that of the proof of part (i), where the key ingredients is the fact that uniformly over ξ P Bpx, 3ηq we have b V arrr˚p mq n pξqs « m p1`nq ρ δ´p 2m`1q{2 for any m ě 0, which in turn is a consequence of Condition 1 and Lemma 1. 9.1.5. Proof of Lemma 11, part (i). We will proceed in a similar fashion as in the proof of Lemma 10. The reduction to the Gaussian setting can be done similarly by using universality estimates for the 1-point correlation function of the complex zeros of p n from Theorem 7 and estimates proved in Theorem 12 and Corollary 5.
We now discuss the proof for the Gaussian setting. The given assumption clearly implies that m n has no zero in Bpx, 2ηq. Thus, using Rouché's theorem it suffices to show that
|r n,G pξq| ě inf zPBBpx,2ηq |m n pξq|q " Opδ κ 0 q.
Using Cauchy's theorem and arguing as in the proof of Claim 7, we obtain Pp sup ξPBBpx,2ηq
for some α 0 ą 0 and any λ ą 0. Using Lemma 1 and Condition 1, we also have
Thus, using the given hypothesis we obtain, for some c
|r n,G pξq| ě t inf ξPBpx,2ηq
Let t " 1 in the last estimate. Then for any κ ą 0 we could choose C 0 « ? κ but large such that this estimate is bounded above by Oppη{δq κ q, as desired.
9.1.6. Proof of Lemma 11, part (ii). The proof is entirely similar to part (i).
Proof of universality for real correlation functions
Below we prove part (i) of Theorem 6, and the same argument may be used to prove part (ii) of this theorem (details will be omitted).
Let x " px 1 , . . . , x m q P I R pδq m and z " pz m`1 , . . . , z m`k q P I C`p δq k . For convenience of notation write z j " x j`i y j for all j. Then for j ď m we have y j " 0 and x j P Ipδq, while for j ą m we have y j ą 0. Note that x j and y j may not be inside I C pδq for j ą m.
Arguing as in the proof of Theorem 7, it suffices to show that
αPZXC`H j,δ pα´z j q, j ą m. (X G,j are Gaussian analogues), and F j,δ and H j,δ satisfy the following conditions:
(i) for each j ď m, F j,δ is in C 2 pRq, supported in p´cδ, cδq such that |F p q j,α | ď 1 for " 0, 1, 2.
(ii) for each j ą m, H j,δ is supported on B C p0, cδq and is also C 2 pR 2 q with |B α H j,δ | ď δ´| α| for any |α| ď 2. Let 0 ą 0 be sufficiently small, as required by Lemma 10 and let η " δ 1` 0 . Let c 1 P p0, 1q be small such that c`c 1 ă r c.
Let Φ : R Ñ R be a bump function supported on r´c 1 , c 1 s with Φp0q " 1. Let Ψ : R Ñ r0, 1s be a smooth function supported on tx ě c 1 {2u such that Ψpxq " 1 if x ě c 1 . Let L " Op1q be sufficiently large. Let K 1,δ , . . . , K m`k,δ : C Ñ C be defined by
One could check that K 1,δ , . . . , K m`k,δ are supported on Bp0, pc`c 1 qδq and are C 2 pR 2 q with B α derivatives bounded by Opδ´| α| q for any multi-index |α| ď 2. Applying Theorem 7 for test functions of tensor-product type, it follows that for some α 0 ą 0 (which does not depend on 0 ) we have
Letting Z j :" δ´L 0 Y j and making sure 0 ă c 0 {pLm`Lkq, it remains to show
for some α 1 ą 0. Since X j , Z j ď N pn pBpz j , cδqq, using Corollary 5 we have
Opm`kq . Via Holder's inequality, it therefore suffices to show that for some c ą 0 we have
We first show that if X j´Zj ‰ 0 then |Impz j q| ď pc`c 1 qδ and
Indeed, we first consider 1 ď j ď m. Then z j " x j P I R pδq. Therefore,
Since both F j,δ and F j,δ are bounded, it suffices to show that any α that contributes to the sum must be in S j . Indeed, for such α we have |Repαq´x j | ă cδ and |Impαq| ă c 1 δ, which implies the desired claim. We now consider m`1 ď j ď m`k. We have
Since Ψ is supported on rc 1 {2, 8q in the second summation we could further assume that α P C`. We obtain
For any contributing α, it holds that |Impαq| ă c 1 η, therefore |Impz j q| ď |Impαq|`|Impαq´Impz j q| ă pc`c 1 qδ.
In particular, |Repz j q| ě |z j |´|Impz j q| ě 1´Opδq and this can be made very large compared to δ. Now, |Repαq´Repz j q| ď |α´z j | ď cδ therefore Repαq has the same sign as Repz j q. Thus it remains to show that ||Repαq|´|z j || ď pc`c 1 qδ. Now, using the triangle inequality this follows from
This completes the proof of (10.1). Now, the strip S j could be covered by Opδ´ 0 q sets of the form Bpx, ηq with center x inside psignpRepz j qq|z j |´pc`c 1 qδ, signpRepz j qq|z j |`pc`c 1 qδq. Since c`c 1 ă r c and since Impz j q| ď pc`c 1 qδ, it follows that for such x the ball Bpx, 2ηq would be inside the interval J where the given hypothesis on the relationship between m n and r n holds. Now, since p n is a real polynomials its complex roots are symmetric about the real axis. Thus, using the small ball estimates proved in Lemma 10 (if m n is small compared to r n ) or the small ball estimates proved in Lemma 11 (if m n is large compared to r n ) with κ " 3{2, together with an union bound, we obtain
Now, since |Z X pS j zRq| is a nonnegative integer, by Theorem 12 we have
This completes the proof of Theorem 6.
Reduction of Theorem 1 to Gaussian polynomials
In this section, using Theorem 6 we will reduce Theorem 1 to Gaussian random polynomials. The proof of Theorem 1 for Gaussian polynomials will be discussed in the next section.
Let B C " t1´1 C ď |t| ď 1`1 C u. Using Lemma 2, to reduce Theorem 1 to the Gaussian setting, it suffices to show that
Thus without loss of generality we may assume that I Ă r1´1{C, 1`1{Cs or I Ă r´1´1{C,´1`1{Cs. Below, we will only consider the first case, and we may use the same argument for the other case.
Let ą 0 be a very small constant. Recall the definition of Ipδq from (3.1) and the paragraph after (3.1). Let J R pδq " tz : 1{z P I R pδqu.
Note that we may cover I using intervals I R p2 m q and J R p2 q where
. Let M and L be respectively the sets of m and such that Ip2 m q and Jp2 q intersect I. Clearly, nearby covering intervals have comparable lengths. Thus, we may construct a sequence of functions ϕ m , ψ (similar to a partition of unity) such that ϕ m is supported on p1` qIp2 m q and ψ is supported on p1` qJp2 q, and furthermore (i) |B α ψ | À 2 |α| and |B α ϕ m | À 2 |α|m for any partial derivatives, and (ii) γpyq :" ř mPM ϕ m pyq`ř PL ψ pyq is equal to 1 for all y P I and is supported inside I Y I 1 Y J 1 where I 1 , J 1 are two intervals from the covering that contain endpoints of I. Now, in fact we could shrink the endpoint intervals I 1 and J 1 by factors comparable to 1 so that I remains covered by the new collection of intervals, and at the same time p1`2 qI 1 , p1`2 qJ 1 are subsets of the enlargement J, the assumed enlargement of I. The given definition of enlargement ensures that the shrinking of these intervals could be done. We may redesign the bump functions φ m and ψ associated with I 1 and J 1 such that they will still be supported inside p1` qI 1 and p1` qJ 1 respectively. It follows from Theorem 6 that, for some α 1 ą 0, Summing the last two estimates over m and , we obtain
Now, |EN n pIq´E ř αPZXR γpαq| " OpEN n pI 1 Y J 1 qq. For the local intervals I 1 and J 1 , we will show that EN n pI 1 q " Op1q and EN n pJ 1 q " Op1q. Since the details are entirely similar we will only discuss the estimate for EN n pI 1 q. Since p1` qI 1 Ă J the enlargement of I, we may construct a bump function φ that equals 1 on I 1 but vanishes outside p1` {2qI 1 , in particular its support is strictly contained inside J. Let dρ be the 1-point correlation measure for the real root of p n and dρ G be its Gaussian analogue. By Theorem 6, we obtain EN n pI 1 q ďˆφdρ "ˆφdρ G`O p1q ď EN n,G pp1` {2qI 1 q`Op1q
Then assuming that the Gaussian case of Theorem 1 is known and using the fact that J remains an enlargement of p1` {2qI 1 , we obtain |EN n,G pp1` {2qI 1 q| ď |EN r n,G pp1` {2qI 1 q|`Op1q " Op1q
here in the last estimate we may use Proposition 2 in the next section (which is a consequence of explicit Gaussian computations in [4] ). This completes the proof of the reduction of Theorem 1 to Gaussian polynomials.
Proof of Theorem 1 for Gaussian polynomials
In this section we prove Theorem 1 for the Gaussian polynomial p n ptq " ř n j"0 pb jc j ξ j qt j where ξ j are iid normalized Gaussian, and throughout the section we will assume that b j and c j satisfy Condition 1.
Let m n " Erp n s and r n ptq " ř j c j ξ j t j and let P " V arrr n ptqs, Q " V arrr 1 n ptqs, and R " Covrr n ptq, r 1 n ptqs, and S " PQ´R 2 . We recall the following Kac-Rice formula [ We will also work with the normalized reciprocal polynomial pnptq " mnptqrn ptq, and we will denote by I1 , I2 , P˚, Q˚, R˚, S˚the analogous quantities. Using Lemma 2, we may assume without loss of generality that I Ă t1´c ď |t| ď 1`cu for a (small) absolute constant c ą 0. By breaking up I into I ą1 and I ď1 and notice that N pn pI ą1 q " N pn pKq where K " t1{t, t P I ą1 u we may reduce the consideration to I Ă t1´c ď |t| ď 1u. Now, using Lemma 1, we have Corollary 6. Assume that b j and c j satisfy Condition 1. Then for any c P p0, 1q it holds uniformly over 1´c ď |t| ď 1 that Pptq « p1`1{n´|t|q´p 2ρ`1q , P˚ptq « pn`1q 2ρ p1`1{n´|t|q´1, Qptq « p1`1{n´|t|q´p 2ρ`3q , Q˚ptq « pn`1q 2ρ p1`1{n´|t|q´3, |Rptq| « p1`1{n´|t|q´p 2ρ`2q , R˚ptq « pn`1q 2ρ p1`1{n´|t|q´2.
On the other hand, by the classical Kac formula, ρ n ptq :"
is the density for the real root distribution of r n ptq " ř j c j ξ j t j , and similarly ρnptq :"
s the density for the real root distribution of rnptq. Note that the Gaussian density for r n ptq " ř j c j ξ j t j (and for its reciprocal polynomial) was studied 5 in [4] , and we summarize the known estimates for them from [4] in the following proposition.
Proposition 2. Assume that c j satisfy Condition 1. Let c ą 0 be small. Then uniformly over 1´c ď |t| ď 1´c 1 {n we have Sptq « Pptq 2 p1´|t|q´2, S˚ptq « P˚ptqp1´|t|q´2, and uniformly over 1´c 1 {n ď |t| ď 1`c 1 {n we have Sptq À n 2 Pptq 2 , S˚ptq À n 2 P˚ptq,
In fact, in the original setting considered in [4] it was required that c j « p1`jq ρ for all Op1q ď j ď n, so it is a little stricter than our setting Op1q ď j ď n´Op1q, however the computation in the Gaussian setting in [4] is not affected much with our slightly more relaxed assumption. We omit the details.
12.1. Estimates for I 2 . We will show that, under the hypothesis of Theorem 1 about the relative relation between m n and r n on I, we will always have I 2 pIq " Op1q. We separate the proof into two cases, depending on whether m n dominates r n or is dominated by r n . First, we consider the situation when the deterministic component m n dominates the random component r n on I.
Lemma 12. Let c ą 0. There is a constant C ą 0 such that the following holds. Let I Ă t1´c ď |t| ď 1u be an interval whose endpoints may depend on n.
(i) Assume that |m n ptq| ě C| logp1`1 n´| t|q| 1{2 a V arrr n ptqs for t P I.
Then I 2 pIq " Op1q.
(ii) Assume that |mnptq| ě C| logp1`1 n´| t|q| 1{2 a V arrrnptqs for t P I.
Then
I2 pIq " Op1q.
Proof. Using Lemma 1 and Corollary 6 we have |m 1 n P´m n R| P 3{2 À |m 1 n | P 1{2`| m n R| P 3{2 À p1`1 n´| t|q´3
{2
and by the given hypothesis |m n ptq| 2 {P ě 2C 1 | logp1`1 n´| t|q| where C 1 is comparable to C 2 . Therefore
so if C is big enough then C 1 ą 5{2 and the last integral is Op1q, as desired. The consideration for I2 pIq is entirely similar.
We now consider the situation when m n is dominated by r n . Recall that φ : p0, 1q Ñ r0, 1s is such that the following holds for some c ą 0: Lemma 13. Let c ą 0 and let φ : p0, 1q Ñ R`satisfy (12.3). Let I Ă t1´c ď |t| ď 1u be an interval whose endpoints may depend on n.
(i) Assume that the following holds uniformly over t P I.
|m n ptq| À φp1´|t|`1 n q a V arrr n ptqs, |m 1 n ptq| À φp1´|t|`1 n q a V arrr 1 n ptqs.
(ii) Under the analogous assumptions, we also have I2 pIq " O p1q.
Proof. Using the given hypothesis and using Corollary 6, we have |m 1 n P´m n R| P 3{2 À φp1´|t|`1 n qp Q 1{2 P 1{2`R P q À φp1´|t|`1 n q 1´|t|`1 n .
Since expp´m 2 n {Pq ď 1, we obtain I 2 pIq Àˆ1 1´c φp1´t`1 n q 1´t`1 n dt ďˆc`1 {n 1{n φptq t dt " Op1q.
This completes the proof of part (i). The second part (ii) can be proved similarly.
12.2.
Estimates for I 1 . Here we will also divide the consideration into two cases, depending on whether m n is dominant or r n is dominant. The following result addresses the situation when m n is dominated by r n .
Lemma 14. Assume that φ : p0, 1q Ñ R`satisfies (12.3). Let c ą 0 and let I Ă t1´c ď |t| ď 1u be an interval whose endpoints may depend on n.
(i) Assume that uniformly over t P I we have |m n ptq| ď c φp1´|t|`1 n q a V arrr n ptqs, |m 1 n ptq| ď c φp1´|t|`1 n q a V arrr 1 n ptqs Then I 1 pIq "ˆI ρ n ptqdt`Op1q.
(ii) Under analogous assumptions, a similar estimate holds for I1 pIq.
The following result deals with the situation when m n dominates r n .
Lemma 15. Let c ą 0 and let I Ă t1´c ď |t| ď 1u be an interval whose endpoints may depend on n.
(i) Assume that uniformly over t P I we have |m n ptq| Á | logp1´|t|`1 n q| 1{2 a V arrr n ptqs.
Then I 1 pIq " Op1q.
The proof of these results are based on the following technical estimate. For convenience, let T ptq " ρ n ptqdt " Op1q.
The estimate for I1 is proved similarly.
(ii) Let 1´c ď |t| ď 1´c 1 {n. From Corollary 6 and Proposition 2, we obtain
